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=============================
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Our main results in this paper can be stated as the following theorems.
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Proofs of main results {#Sec2}
======================

Now we are in a position to prove our main results.

Proof of Theorem [1](#FPar1){ref-type="sec"} {#FPar4}
--------------------------------------------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ M_{k}=-\frac{9}{8} \biggl(\frac{3}{2} \biggr)^{k}\frac{1}{(k+2)!}\sum_{\ell=0}^{k+2} (-1)^{\ell}\biggl\langle \frac{1}{2} \biggr\rangle _{\ell} \biggl(\frac{4}{3} \biggr)^{\ell}(k-\ell+2)!\binom{k+2}{\ell} \binom{\ell }{k-\ell+2} $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\ge0$\end{document}$, which can be rewritten as ([1.7](#Equ7){ref-type=""}). The proof of Theorem [1](#FPar1){ref-type="sec"} is complete. □

Proof of Theorem [2](#FPar2){ref-type="sec"} {#FPar5}
--------------------------------------------

From ([1.4](#Equ4){ref-type=""}), it is derived that $$\documentclass[12pt]{minimal}
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                \begin{document}$(a,b)=(3,1)$\end{document}$, respectively, in ([1.8](#Equ8){ref-type=""}) and considering the last two relations in ([1.5](#Equ5){ref-type=""}) lead to ([1.9](#Equ9){ref-type=""}) and ([1.10](#Equ10){ref-type=""}) immediately. The proof of Theorem [2](#FPar2){ref-type="sec"} is complete. □

Proof of Theorem [3](#FPar3){ref-type="sec"} {#FPar6}
--------------------------------------------
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                \begin{document}$(a,b)=(3,1)$\end{document}$, respectively, in ([1.11](#Equ11){ref-type=""}) and considering the three relations in ([1.5](#Equ5){ref-type=""}) lead to ([1.9](#Equ9){ref-type=""}), ([1.12](#Equ12){ref-type=""}), and ([1.13](#Equ13){ref-type=""}) readily. The proof of Theorem [3](#FPar3){ref-type="sec"} is complete. □

Remarks {#Sec3}
=======

Finally, we list several remarks.

Remark 1 {#FPar7}
--------

The explicit formula ([1.8](#Equ8){ref-type=""}) is a generalization of ([1.7](#Equ7){ref-type=""}).

Remark 2 {#FPar8}
--------

Equation ([1.9](#Equ9){ref-type=""}) and many other alternative formulas for the Catalan numbers $\documentclass[12pt]{minimal}
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                \begin{document}$C_{k}$\end{document}$ can also be found in \[[@CR3]--[@CR6], [@CR8], [@CR9], [@CR12]--[@CR14]\] and the closely related references therein.

Remark 3 {#FPar9}
--------

By the second relation in ([1.6](#Equ6){ref-type=""}), equation ([1.3](#Equ3){ref-type=""}) can be reformulated as $$\documentclass[12pt]{minimal}
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                \begin{document}$$ M_{n}(a,b)=a^{n}\sum _{j=0}^{n/2}\frac{1}{j+1}\binom{2j}{j} \binom{n}{2j} \biggl(\frac{b}{a^{2}} \biggr)^{j}, $$\end{document}$$ which is different from the two equations ([1.8](#Equ8){ref-type=""}) and ([1.11](#Equ11){ref-type=""}).

Remark 4 {#FPar10}
--------

Making use of any one among equations ([1.8](#Equ8){ref-type=""}), ([1.11](#Equ11){ref-type=""}), and ([3.1](#Equ19){ref-type=""}), we can present the first nine generalized Motzkin numbers $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& 1, \quad a,\quad a^{2}+b, \quad a \bigl(a^{2}+3 b \bigr), \quad a^{4}+6 a^{2} b+2 b^{2},\quad a \bigl(a^{4}+10 a^{2} b+10 b^{2} \bigr), \\& a^{6}+15 a^{4} b+30 a^{2} b^{2}+5 b^{3}, \quad a \bigl(a^{6}+21 a^{4} b+70 a^{2} b^{2}+35 b^{3} \bigr), \\& a^{8}+28 a^{6} b+140 a^{4} b^{2}+140 a^{2} b^{3}+14 b^{4}. \end{aligned}$$ \end{document}$$ In particular, the first nine restricted hexagonal numbers $\documentclass[12pt]{minimal}
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                \begin{document}$$ 1,\quad 3,\quad 10,\quad 36,\quad 137,\quad 543,\quad 2{,}219,\quad 9{,}285, \quad 39{,}587. $$\end{document}$$

Conclusions {#Sec4}
===========

By the Faà di Bruno formula and some properties of the Bell polynomials of the second kind, we establish two explicit formulas for the Motzkin numbers, the generalized Motzkin numbers, and the restricted hexagonal numbers.
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